Introduction
Let H and K be finite groups and consider an extension 1 ! H ! G ! K ! 1. In general the isomorphism class of G does not determine the extension. The main result of this paper is it does in the special case that G G H Â K. Our theorem can be restated as follows: Theorem 1.1. Let G ¼ H Â K be a finite group. Suppose that H 0 is a normal subgroup of G and assume that H 0 G H and G=H 0 G G=H. Then H 0 is a direct factor of G (i.e. G ¼ H 0 Â K 0 for some complement K 0 ).
The corresponding result for finitely generated modules over a noetherian commutative ring is well known (see [2] or [3] ). In particular, the result holds for finitely generated abelian groups.
Preliminary results
In this section, G is any finite group, not necessarily the group that appears in the theorem.
Subgroups of a direct product G F H D K.
We shall often use the following elementary results without comment. We write ZðGÞ and G 0 for the center and derived group of a group G.
Lemma 2.1. Let L be a subgroup of G, which we do not assume to be normal, and G ¼ HK a decomposition of G into direct factors. Assume that H J L. Then L ¼ HðL V KÞ. In particular, H is a direct factor of L. 
Coprime direct factors of a finite group G.
In the next result we make use of the well-known Remak-Krull-Schmidt theorem on the decomposition of finite groups into indecomposable direct factors. We shall call finite groups A, B factor coprime if no non-trivial direct factor of A is isomorphic to a direct factor of B.
Proposition 2.3. Let A, B be direct factors of the finite group G. If A, B are factor coprime, then A V B ¼ 1 and AB is a direct factor of G.
Proof. Let C be a direct factor of G such that
(ii) the indecomposable direct factors of C are isomorphic to direct factors of A,
(iii) C is maximal with these properties.
To find such a subgroup C it su‰ces to take a maximal element of the set of direct factors of G satisfying (i), (ii); this set is non-empty because it contains A. Similarly, let D be a direct factor of G, such that
(ii) 0 the indecomposable direct factors of D are not isomorphic to any of the indecomposable factors of A (this implies the corresponding statement with C instead of A),
(iii) 0 D is maximal with these properties.
It is clear that C and D are factor coprime. Let us now prove that G ¼ CD, and that it is a direct product (i.e. C V D ¼ 1). The proposition then follows because
. . B n be a decomposition of G into indecomposable direct factors, such that each A i is isomorphic to a direct factor of A, and such that no B j is isomorphic to a direct factor of A. We now show that C is isomorphic to A 1 . . . A m . We write G ¼ CS as a direct product. It is clear that every indecomposable direct factor of S is, up to isomorphism, one of the B j , by the maximality of C. According to the Remak-Krull-Schmidt theorem, S is isomorphic to a partial product of A 1 . . . B n , and therefore to a direct factor of B 1 . . . B n . Thus jSj c jB 1 . . . B n j and jCj d jA 1 . . . A m j. Again using the Remak-Krull-Schmidt theorem, we see that C is isomorphic to a direct factor of A 1 . . . A m . It follows that C is isomorphic to
Similarly, D is isomorphic to B 1 . . . B n . In particular jCj Â jDj ¼ jGj. We still have to prove that C V D ¼ 1. The subgroup CD contains C as a direct factor. But C G A 1 . . . A m and so CD G A 1 . . . A m Â ððCDÞ=CÞ. Now D is also a direct factor of CD, and so according to the Remak-Krull-Schmidt theorem, D G B 1 . . . B n is isomorphic to a direct factor of ðCDÞ=C G D=ðC V DÞ. Thus jDj c jD=ðC V DÞj, which shows that C V D ¼ 1.
Corollary 2.4. Let G ¼ BC be a decomposition of G into direct factors. Let A be a direct factor of G such that A, B are factor coprime. Then the projection of A onto C is a direct factor of G.
Proof. We know that BA is a direct factor of G. But BA ¼ Bp C ðAÞ, where p C is the projection onto C with respect to B. This shows that p C ðAÞ is a direct factor of BA, hence also of G.
2.3 Strongly decomposable subgroups of G. We define the concept of strongly decomposable subgroups, and establish two propositions that will be needed later on. 
which shows that G=D ¼ ððH 1 DÞ=DÞ . . . ððH m DÞ=DÞ is a decomposition of G=D into direct factors. This completes the proof of our statement.
Before stating our next proposition we note the following simple lemma:
Since L is normal in G we have ½L; T H L. Similarly ½M; T H M. This proves our claim.
Two special cases
In this section, we prove the theorem for the two extremes cases in which G is abelian or perfect. We can use the method of [3] and [2] to handle the case of abelian groups, or more generally the case where H is abelian.
Proposition 3.1. Let G be a finite group with G ¼ HK a decomposition of G into direct factors with H abelian. Suppose that H 0 t G and that H 0 G H and G=H 0 G K. Then H 0 is a direct factor of G.
Proof. Consider the restriction map r : homðG; H 0 Þ ! homðH 0 ; H 0 Þ. Since H 0 is abelian, r is a homomorphism of abelian groups. The kernel of r is homðG=H 0 ; H 0 Þ and so we have an exact sequence 0 ! homðG=H 0 ; H 0 Þ ! homðG; H 0 Þ ! homðH 0 ; H 0 Þ:
by considering cardinalities we see that r is surjective. In particular, there is a homomorphism f : G ! H 0 restricting to the identity on H 0 . Thus G ¼ H 0 Â ker f ; the subgroups ker f and H 0 commute as they are both normal and have trivial intersection.
The results on strongly decomposable subgroups are su‰cient to handle the case where G is perfect.
Proposition 3.2. Let G be a finite group such that G ¼ G 0 and let G ¼ HK be a decomposition of G into direct factors. Let H 0 be a normal subgroup of G that is isomorphic to H and such that G=H 0 is isomorphic to K. Then H 0 is a direct factor of G.
Proof. Consider a minimal counter-example ðG ¼ HK; H 0 Þ.
We have
Proposition 2.8 then shows that H 0 is strongly decomposable in G. Moreover H 0 contains no non-trivial direct factor of G, by our minimality hypothesis.
As H 0 is strongly decomposable in G, Proposition 2.6 shows that
But all groups H i =ðH i V H 0 Þ and K j =ðK j V H 0 Þ are non-trivial. So G=H 0 G K contains at least n þ m indecomposable direct factors in a decomposition into irreducible direct factors. We deduce that n þ m c n, and m c 0. We have reached a contradiction and our proposition is proved.
We have shown that if ðG ¼ HK; H 0 Þ is a counter-example to the theorem, then 1 < G 0 < G. This is the starting point of our proof of the theorem.
Further preliminary results
From now on, ðG ¼ HK; H 0 Þ is our minimal counter-example to the theorem. The next lemmas help to describe the subgroups H 0 0 and ZðH 0 Þ of G.
Lemma 4.1. We have the following properties.
(
, and so the two subgroups in (1) are equal.
To show (2), we note two things. First,
As G=G 0 is abelian, we may use the special case to see that G has a normal subgroup
factors. This proves (2).
We now prove the last two statements. Note that G=H But we know that H 0 V ZðGÞ J ZðH 0 Þ. The equality of the two groups follows, and we also have ZðG=H 0 Þ ¼ ðZðGÞH 0 Þ=H 0 . This completes the proof of (1) and (2) .
For (3), note that
As G is not equal to its center, it follows from the minimality of G that ZðH 0 Þ is a direct factor of ZðGÞ. To prove (4), consider the natural isomorphism s :
Notice that the first equality uses (2) . This completes the proof. Lemma 4.4. H 0 contains no non-trivial direct factor of G. Similarly, H 0 is not contained in a direct factor of G other than G.
Proof. Both statements are elementary; we prove only the second.
Let G ¼ LN be a decomposition of G into direct factors. Assume that N 0 1 and H 0 J L. Clearly G=H 0 ¼ ðL=H 0 ÞððNH 0 Þ=H 0 Þ is a decomposition of G=H 0 into direct factors. Since K G G=H 0 , the group N G ðNH 0 Þ=H 0 is isomorphic to a direct factor of K. We may therefore assume that N H K. We may then write G=N G H Â K=N. But H G ðH 0 NÞ=N, and ðG=NÞ=ððH 0 NÞ=NÞ G ðG=H 0 Þ=ððNH 0 Þ=H 0 Þ G K=N because ðNH 0 Þ=H 0 is a direct factor of G=H 0 which is isomorphic to N. It follows from the minimality of G that ðH 0 NÞ=N is a direct factor of G=N. Thus we have a normal subgroup P of G containing N such that G ¼ ðH 0 NÞP with ðH 0 NÞ V P ¼ N.
It is now clear that G ¼ H 0 P is a decomposition of G into direct factors. This contradicts our assumption on G. Proof. If H contains a non-trivial abelian direct factor then so does H 0 . Let C 0 be an (abelian) direct factor of H 0 . To prove that C 0 is trivial, it su‰ces by Lemma 4.4 to show that C 0 is also a direct factor of G.
Consider the exact sequence 0 ! homðG=H 0 ; C 0 Þ ! homðG; C 0 Þ ! homðH 0 ; C 0 Þ of abelian groups. We have
and so the sequence is also right exact. In particular the map homðG; C 0 Þ ! homðH 0 ; C 0 Þ is surjective. Now fix a map H 0 ! C 0 which is the identity on C 0 . This map can be lifted to a projection G ! C 0 . To conclude the argument, we need to know that C 0 is normal in G. But C 0 is central in H 0 and by Lemma 4.3, ZðH 0 Þ ¼ ZðGÞ V H 0 . Thus we have C 0 H ZðGÞ.
We may suppose that L is indecomposable. Then as H 0 0 is strongly decomposable in G, 
This is a contradiction since it implies that PH 0 is a direct factor of G distinct from G and containing H 0 . 
Thus H 0 is a direct factor of H 0 A. Similarly, A is a direct factor of H 0 A because it is a direct factor of G. But according to Lemma 4.5, H 0 and A are coprime. Therefore H 0 V A ¼ 1, again by Proposition 2.3.
Proof of the theorem
The notation and hypotheses remain as in the previous section. Clearly K is nonabelian, since otherwise H 0 V K ¼ 1 because of Proposition 5.3, and we would then have G ¼ H 0 K. This shows that K has at least one non-abelian indecomposable direct factor.
Let X be the class of groups isomorphic to some non-abelian direct factor of K of minimal order (so that, in particular, groups in X are indecomposable). We shall show that if L is a direct factor of G which is a member of X then . Now let N be a direct factor of G isomorphic to a direct product of members of X and suppose that N is maximal with respect to this property. It now su‰ces to prove that N is isomorphic to a direct factor of H 0 (for then N is isomorphic to a direct summand of H and then by maximality it is factor coprime to K which is a contradiction by the choice of X).
Clearly 
Let S be a complement to ZðH 0 Þ in ZðGÞ. Clearly H 0 V S ¼ 1 (since ZðH 0 Þ ¼ H V ZðGÞ) and so H 0 is a direct factor of H 0 ZðGÞ ¼ H 0 Â S K H 0 N. So H 0 is a direct factor of H 0 N with abelian complement. On the other hand, N is a direct factor of G and hence also of H 0 N. We now use the Remak-Krull-Schmidt theorem on H 0 N. Notice that N has no non-trivial abelian direct factors and so is isomorphic to a direct factor of H 0 , as required. This completes the proof of the theorem.
6 Some additional remarks Clearly B Â C is a normal subgroup of G, and A Â D is a complement. This defines a split extension 1 ! ðZ=pZÞ 2 ! G ! ðZ=pZÞ 2 ! 1. However C Â D J ZðGÞ and G=ðC Â DÞ G ðZ=pZÞ 2 , but C Â D has no complement in G (for since C Â D is central, this would force G G ðZ=pZÞ 4 , which is not the case). So 1 ! ðZ=pZÞ 2 ! G ! ðZ=pZÞ 2 ! 1 is a non-split extension. (3) One can ask if the main result holds for certain families of infinite groups. As noted above, it does hold for finitely generated abelian groups. Goldstein and Guralnick [1] have used our result to show that it also holds for finitely generated profinite groups.
